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^ ■ Abstract 

Recent neutrino experiments suggest the strong evidences of tiny neutrino masses 
and the lepton-flavor mixing. Neutrino-oscillation solutions for the atmospheric neu- 
t:j- ■ trino anomaly and the solar neutrino deficit can determine the texture of neutrino 

o 

On ' Type B: rrin <C m2 ~ rrii, and Type C: rrin ~ m2 ~ ?7i^. In this paper we study 

0> ' 

■^ ' the stability of the lepton-flavor mixing matrix against quantum corrections for all 

Q_i' types of mass hierarchy in the minimal supersymmetric Standard Model with the 

Q^' effective dimension-five operator which gives Majorana masses of neutrinos. The rel- 



mass matrix according to the neutrino mass hierarchies as Type A: m^ ^ ?ti-2 ~ rn 



1) 



ative sign assignments of neutrino masses in each type play the crucial roles for the 
stability against quantum corrections. We find the lepton-flavor mixing matrix of 
Type A is stable against quantum corrections, and that of Type B with the same 
H ' (opposite) signs of nii and 771-2 ^^^ unstable (stable). For Type C, the lepton-flavor- 

mixing matrix approaches to the definite unitary matrix according to the relative 
sign assignments of neutrino mass eigenvalues, as the effects of quantum corrections 
become large enough to neglect squared mass differences of neutrinos. 
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1 Introduction 

Recent neutrino experiments suggest the strong evidences of tiny neutrino masses and 
the flavor mixing in the lepton sector 0-0. Studies of the lepton-fiavor-mixing matrix, 
which is called Maki-Nakagawa-Sakata (MNS) matrix [Hj, point to new steps of the flavor 
physics. Especially, study of the energy-scale dependence of the MNS matrix is one of the 
main issues to investigate the new physics beyond the Standard Model (SM) JB|. 

There are following neutrino-oscillation solutions for the solar neutrino deficit and the 
atmospheric neutrino anomaly: 



^"^ solar 



0.85 X 10"^° eV^ (vacuum solution), 
1.8 X 10"^ eV^ (MSW-large mixing solution), 
0.8 X 10"^ eV^ (MSW-small mixing solution). 



fl.la) 



Am^TM = 3.7 X 10"'' eV 



;i.ib) 



where Am'^^^^^ and Am^rpj^ stand for the squared mass differences of the solar neutrino 
deficit P and the atmospheric neutrino anomaly j21 EIj respectively. In this article, we 
adopt the scenario of three generation neutrinos which means 



^"^solar 



rrir, 



m^ 



and /S.m\r^y^ 



nin 



TTlr 



;i.2) 



where rrii is the i-th (z = 1 ~ 3) generation neutrino mass {rrii > 0). We take the following 
values of the mixing angles for their solutions. 



Sin^ 26'solar = 


= . 1 




. 0.017 


sin^ 26' ATM = 


= 1 


sin^ 2^CHOoz = 


= 



(vacuum solution), 
(MSW-large mixing solution), 
(MSW-small mixing solution), 

(atmospheric neutrino anomaly) 
(CHOOZ experiment) . 



(1.3a) 

;i.3b) 
(1.3c) 



Under the assignments of eqs. ()1.2|l . there are three possible types of neutrino mass 
hierarchy [7] as 



Type A : m^ ^ 1712 ~ rrii , 
Type B : mi ~ 1712 ^ m^ , 
Type C : 1713 ~ 7/12 ~ itli . 



(1.4a) 
;i.4b) 
(1.4c) 



In this article, we study the stability of the MNS matrix for these three types of neu- 
trino mass hierarchy against quantum corrections in the minimal supersymmetric Standard 



Model (MSSM) with the effective dimension-five operator which gives Majorana masses of 
neutrinos. Since the negative sign assignments of rrii in eqs. fll.4j) also satisfy eqs. ()1.2|) . we 
consider all relative sign assignments for masses in each type. We determine the MNS 
matrix elements at the low energy scale from results of neutrino-oscillation experiments, 
and analyze whether the MNS matrix is stable against quantum corrections or not in each 
type of neutrino mass hierarchy. The results of analyses strongly depend on the types of 
neutrino mass hierarchy and the relative sign assignments of masses as follows. 

Type A: The MNS matrix is stable against quantum corrections. 

Type B: The MNS matrix is unstable (stable) when rrii and TTig have the same (opposite) 

signs. 

Type C: The MNS matrix approaches to the definite unitary matrix according to the 

relative sign assignments of neutrino masses, as the effects of quantum corrections become 

large enough to neglect squared masse differences of neutrino. 

We also study the stability of the MNS matrix against quantum corrections in the two 
generation neutrinos. Results of this article are not only useful for the model building 
beyond the SM, but also show the possibility to obtain the large mixing angles from 
quantum corrections. 

This article is organized as follows. In section |21 we determine the elements of the MNS 
matrix from the data of recent neutrino-oscillation experiments. In section El we estimate 
the magnitude of quantum corrections of the dimension-five Majorana operator. In section 
m we study the stability of the MNS matrix against renormalization effects in the two 
generation neutrinos. In section we analyze the stability of the MNS matrix against 
quantum corrections in the three generation neutrinos for each type of mass hierarchy. 
Section El gives the conclusion. 

2 The Maki-Nakagawa-Sakata Matrix 

In this section, we give the definition and the parameterization of the Maki-Nakagawa- 
Sakata (MNS) lepton-flavor mixing matrix |3]. We determine elements of the MNS matrix 
from the data of recent neutrino-oscillation experiments 0-0]. 

2.1 Definition 

The effective Yukawa Lagrangian in the lepton sector is given by 

^yukawa = V^j^dLi ■ 6^^- - -Kij{4>M) ■ {(p^Lj) + h.C. , (2.1) 



where ylj is the Yukawa matrix of the charged lepton. 0u and 0d are the 811(2)^ doublet 
Higgs bosons that give Dirac masses to the up-type and the down-type fermions, respec- 
tively. Li is the i-th generation SU(2)l doublet lepton. e^j is the i-th. generation charged 
lepton. n induces the neutrino Majorana mass matrix which is complex and symmetric. 

Now we give the definition of the 3x3 MNS matrix, which is defined on the analogy 
of the CKM matrix jHl IH] . Unitary matrices of f/g and Uy transform the mass-eigenstates 
into the weak-current eigenstates as 



'LI 




fe,\ 


'■L2 


= u. 


f^L 


\ k2 ) 




\ n J 



(-lA 




(-A 


^L2 


= u. 


^2 


\ ^LZ / 




\^Z 1 



:2.2) 



The MNS matrix is then defined as 



(^MNs)m = ipl^uj^i ' ^a = E (^MNs)m ^i , 

1=1 



:2.3) 



where a and i label the neutrino fiavors (a = e, /i, r) and the mass eigenstates (i = 1, 2, 3), 
respectively. 

2.2 Parameterization 

The 3x3 MNS matrix has three mixing angles and three physical phases in general for 
the Majorana neutrinos. We adopt the parameterization of 



/ Uel f/e2 f/e3 \ / 1 \ 



K 



MNS 



U^i U^2 Uf^is 

V Url U^2 Ur3 J 



e^'^2 
V e*^3 / 



[2A) 



^ai 



The matrix Uai, which has three mixing angles and one phase, can be parameterized as 
the same way as the CKM matrix. Since the data of the present neutrino-oscillation 
experiments directly constrain elements of Ue2, UeZi and f/^3, the most convenient param- 
eterization is to adopt these three elements as the independent parameters fOl El E] • 
Without losing generality, we can take f/e2 and f/^3 to be real and non-negative by the re- 
definition of Lp2 and ip^. Then only [/es has a complex phase. All the other matrix elements 
can be determined by the unitarity conditions as follows. 



,, _ ^e2^.3 + U,3UelU:s .. _ UelUr3^]WJe2Uh .. ,^ 

''~ 1 - If/esP ' "'" 1 - |t/,3|2 ' ^^-^^ 

-L — |<^e3| J- ~ |t>e3| 

Here f/ei, f^e2, f^/^s, and Urs are real and non-negative, and the other elements are complex. 
The relations among the MNS matrix elements and the mixing angles are given by 

sin6'i3 = [f/esl , sin6'23 = , ^^ , sin6li2 = , , (2.6) 



which can be rewritten by 

'2^i3 = 4|?7e3r(l-|f/e3|') , (2.7a) 



sin^' 



sin^ 2^23 = 4--^ 1 - -^|-^ , (2.7b) 



^^"' 2^- = ^r^i-^ f ^ - r^l-^) ' (2.7c) 



where Qij is the mixing angle between the i-th and j-th generations. In general, these 
mixing angles are not the same as those obtained from the two generation analyses of the 
experimental results. 

2.3 The MNS matrix at the weak scale 

Now let us decide the values of f/e2, f^e3 and f/^3, which are independent parameters of the 
MNS matrix, from the data of neutrino-oscillation experiment 



a. 



2.3.1 \J, 



e3 



The CHOOZ experiment j3] measures the survival probability of v^. The result of this 
experiment shows 



sin^2^CHOoz < 0.18, for ^m^jjooz > 1 x 10" eV^ (2.8) 



"Neutrino-oscillation probabilities are shown in Appendix IXI 



From eq. ()A.5|) . we can obtain the following constraint 

|f/e3|'(l-|f/e3|') < 0.045, (2.9a) 

for \ml - mil c:i \ml - mil > 1 X W^eV'^ . (2.9b) 

In this article we assume the (1,3) element of the MNS matrix at the weak scale m^ to be 

Ue3 = 0. (2.10) 

2.3.2 f/^3 

The atmospheric neutrino data |21E1 suggest the maximal mixing of u —>■ u^ [u-^ ^ u , u^) 
oscillatiortJ. In the three-flavor analysis, the most reliable interpretation of the data is 
t'/x — ^ ^T oscillation under the condition of eq. ()A.3jl . From eqs. (j2.7bj) . ()2.1()|) and ()A.5|1 . we 
can obtain 

sin^ 2^ATM = 4t/J (l - f^i) • (2.11) 

Thus, by using eq. ()1.3b|) we determine the (2,3) element of the MNS matrix at the m^ 
scale as 

f/.3 = ^. (2.12) 



2.3.3 U, 



e2 



Deficits of solar neutrinos observed at several telestial experiments jTj have been interpreted 
as i/g — > Ux {^x 7^ ^e 1 ^) oscillation of the three solutions, which are the MSW small- 
mixing solution (MSW-S), the MSW large-mixing solution (MSW-L) jj^, and the vacuum 
oscillation solution (VO) [Hj. By using eq. ()2.10p . the survival probability of z/^ in eq. ()A.8|) 
is simplified as 

P,,^,, = 1 -4|[/einf/e2|'sin2 (^Lj . (2.13) 

Equation ()2.1()|1 also simplifies eq. ()2.7cj] to be 

sin2 2^suN = 4f/f2(l-f/22) . (2.14) 

Thus, from eqs. ()1.3a|l . we determine the value of Ue2 at the m^ scale as 



MSW-S : Ue2 = 0.0042 , MSW-L : Ue2 = ^ , VO : Ue2 = ^ , (2.15) 

v2 \/2 



for each solution. 



'''The oscillation of f„ — *■ v^ is not only disfavored by the CHOOZ experiment data of ea. H2.8|l . but also 
disfavored by the Super-Kamiokande data by itself [3 El ■ 



2.3.4 The MNS matrix at m, scale 



In this article we neglect Majorana phases of ip2,3 in the MNS matrix of eq. ()2.4j) for simplic- 
ity. By using eqs. ()2.5|l . ()2.1()j) and ()2.12|1 . the MNS matrix at the m^ scale is determined 
as 

/ cos 6 sin 6 \ 



U, 



MNS 



sin 6 cos 6 



1 



V2 V2 V2 

sin 6 — cos 6 1 

V ^72 V2 V2 f 



I 



where 6|i| depends on the solution of the solar neutrino deficits as 



(2.16) 



sin 6' 



0.0042 
1 

V2 



0.0042) 

-) 

a' 



(MSW-S) , 
(MSW-L) 

(VO), 



(2.17) 



which are obtained from eqs. ()2.15|l . 

3 Quantum Corrections of k, 

The renormalization group equation (RGE) of k, which is the coefficient of dimension-five 
operator in the effective Lagrangian of eq. ()2.1|) . has been studied in Refs. jT^l HE]- It is 
expected that n is produced by the see-saw mechanism ^\ at the high energy-scale M^. 
In the MSSM, k satisfies the following RGE at the one-loop level |l(ij : 



2 2^ 

dt 



jtr (3yV^) - 47r {^.a^ + \o^i)] ^ + \ {(z/V^) ^ + ^ (yV^^} , (3.1) 



where t = In fi, and fi is the renormalization scale, y" is the up-quark Yukawa matrix. 
We notice that once y'^ is taken diagonal, this form is kept thought all energy-scale at the 
one-loop level. It is because there are no lepton-flavor-mixing terms except for k, in the 
MSSM Lagrangian. In this base k is diagonalized by the MNS matrix, and eq. ljH.lj) is 
simplified to be 



2 '^ 

071 -— m Kij = tr 

dt 



(syVO 



Att ( 3a2 + -tti 



+ 2iy^+y^ 



(3.2) 



■fFrom now on, 9i2 is denoted by 9 unless we note explicitly. 



where ?/j (i = 1 ~ 3) stands for the i-th generation charged-lepton Yukawa couphng. 

The RGE of k has two important featureq^ One is that none of the phases in k depend 
on the energy-scale. The other is that the RGE of k can be governed by only n equations, 
where n stands for the generation number. In the three generation case [n = 3), k can 
be parameterized as 



K = K 



33 



r2 1 / 



Ci2V^^ ^2 C23v/^ 



V c^z^i 



--23 



/ V^T o\ / 1 



^33 



^^ 

V 1/ 



^12 Cj_3 



'^12 -'- '^23 
\ '^13 '^23 -'- / 



77^ 
V 01; 



(3.3) 



Here Cj^s (z = 1, 2 and j = 2, 3) are defined as 



2 ^ '^ij 

Kj j Kjj 



(3.4) 



which are energy-scale independent complex parameters, r^s in eq. (l3.3j) are defined as 



r. = ^, (^ = l,2), 



K 



(3.5) 



33 



which are always taken real and non-negative by the redefinitions of lepton fields. Since 
the MNS matrix is independent of the overall factor K33, only two real parameters, r^ and 
r2, determine the energy-scale dependence of the MNS matrix. 
From eq. ()3.2|1 , the RGE of r^ is given by 



— In r • = — In ^^ 
at at K, 



33 



1/2 2 

^ [yr - y^ 



1,2), 



(3.6) 



where yr is Yukawa coupling of r. Since the right-hand side of eq. ()3.6|) is always negative, 
the value of r^ decreases as the energy-scale increases. Equation ()3.(ij) can be solved as 



r^Mji) =riim,)- 



(3.7) 



where /j (z = 1(e), 2(/i), r) is defined as 



exp 



H^'r) 2 



VT J ln{m^) 



Vi dt 



(3.8) 



§ More detail discussions are in the Ref. [T^ . 



From eqs. ()3.3|) and ()3.7p . k at the M^ scale is determined as 



k{Mi, 






I 4W'r 







o\ 



V 








hllr 

1 



Km, 



( 4W'r 

yv^ 

1 



V 



We discuss cases of K33 = and kh = K22 = K33 = in Appendix iBl 
Now let us define small parameters of 



J 



(3.9) 



-e,fi 



'e,At 



(3.10) 



for the later discussions. Figures [T] and |2l show tan/?(= (0u)/(0d)) dependences of ee,^ 
with Mp^ = lO^^GeV and lO^GeV. They show that magnitudes of ee^fj. increase as tan/? 



increases. This is because the value of Jli/Ir can be mainly determined by /,-, and the 
quantum correction from r becomes large in the large tan/3 regior|j. We notice that the 
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Figure 1: tan/? dependence of eg. Solid-line (dashed-line) shows Mj^ = lO^^GeV (lO^GeV). 
Each dotted-line shows (a):4.6 x 10-^ (b):1.9 x 10-^ (c):1.0 x 10~^ and (d):2.3 x IQ-^ 

large tan/3 means large quantum corrections of e^^^. Solid-lines (dashed-lines) in Figures [T] 
and El stand for the tan/3 dependences of ee,)^ with Mj^ = lO^^GeV (lO^GeV). The value 
of ee,fi with Mpi^ = lO^GeV is smaller than that with M^ = lO^^GeV at the same value of 
tan/3. This is because charged-lepton Yukawa couplings are enhanced at the high energy 
scale. Hereafter, we fix the M^ scale at lO^^GeV in our numerical analyses. 



^ We show the approximation of sJTiJLr in Appendix [HI 
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Figure 2: tan/? dependence of e^j. Solid-line (dashed-line) shows M^ = lO^^GeV (lO^GeV). 
Each dotted-line shows (a):4.6 x 10"^ (b):1.9 x 10-^ (c):1.0 x 10"^ and (d):2.3 x 10"^. 

4 Two Generation Neutrinos 

In this section, we neglect the first generation contributions for simplicity, and discuss the 
stability of the MNS matrix against quantum corrections in the two generation neutrinos. 
Neglecting the first generation, eq. ()3.9p becomes 



k(M, 



R) 



«;33(M, 



R) 



>^zz\jnzj 



hllr 

1 



fi;(m^) 



hllr 

1 



(4.1) 



We parameterize i^ivn^ as 



K(m^ 







COS023 sin 6*23 ) ( ^^2 - 

-sin 6^23 cos 6^23 / \ % 



COS ^23 — sin ^23 
sin 6^23 cos 6^23 



(4.2) 



where ^2,3 are eigenvalues of k at the m^ scale. From eq. ()4.1|) . the mixing angle at the M^^ 
scale (6*23) is given by 



tan 26'. 



(5/csin26'23 (1 — e 



23 



bk cos 26*23 + e (2 - e) (k2 + bk sin^ 6*; 



23 



(4.3) 



where 



e = e^ , and 5k = k-^ — K2 



(4.4) 
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Hereafter we denote the mixing angles at the M^ scale as 6ijS. Figure |21 shows < e < 0.15 
for 2 < tan/5 < 60 with M^ = 10^^ GeV. We notice that \6k\ is not necessarily smaller 
than 1^2,3 1, because k,2 can take the opposite sign of k,^. We classify the neutrino mass 
hierarchies into the following three cases as Type A^^^: \k^\ ^ \fi2\, Type Bl*-^): k-^ ^ K2 
and Type B2*^^^: ^3 ~ —K2. We study the stability of the mixing angle in each case. 



Type A(^) : 

When 1^2 1 is much smaller than {k^I 



[i.e., 6k ~ |/€3| ^ \k2\ — 0), eq. ()4.2|) becomes 



Kirriz) ~ K3COS^^23 



tan^ ^23 tan ^23 
tan ^23 1 



(4.5) 



In this case, the mixing angle ^23 is given by 



tan 26* 



sin2e23(l-e) 



23 



COS 2^23 + e(2-e)sin 2^23 



tan 2^23 (1 - e sec 2^23) + 0(e^ 



(4.6) 



from eq. ()4.3|) . This means ^23 is stable against the quantum correction of e. 
(2). Type Bl^^) ; 

In the case of K2 — ^^3 (i.e., K2K3 > 0, < \6k\ <^ |/t2,3|), i^{fn^) is given by 



Km, 



6k 



K3 



6k 

T 



V 



6k 
T 



rhn 



6k 

T 



rhn 



6k\ 


( 1 


6k \ 
2k3 


2; 


6k 
K 2k3 


' > 



(4.7) 



around the maximal mixing ^23 = 7r/4. Let us discuss the stability of eq. ()4.7|) against 
the renormalization effects. Equation ()4.3|1 induces the mixing angle ^23 as 



tan 26'23 - 7^ 

2e fi;3 



(4.8) 



This means the mixing angle of ^23 strongly depends on the quantum correction of e. 
When the value of 6k/ k^ is larger than e, the mixing angle does not receive significant 
change from renormalization corrections. On the other hand, when e > 6k/ k^, the 
mixing angle strongly depends on RGE effects, and the mixing angle at the M^ scale 
can be small even if the maximal mixing is realized at the m^ scale. This situation 
has been already discussed in Ref. P^ . 
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(3). Type B2(^) : 

If the absolute value of k,2,3 are the same order, but they have opposite signs from 
each other {i.e., K2K3 < 0, \6k\ ~ 2|fi;2,3|), i^ij^z) is given by 



nim ) ~ K2,cos26[ 



23 



/ -1 tan 2^23 \ 



V tan 2^23 1 / 



(4.9) 



In this case, eq. ()4.3|) induces 



tan 2^23 = tan 2^23 



' 2(l-e) 
.2-e(2-e) 



tan2023 + O(e2). 



(4.10) 



This means that the mixing angle is stable against the small change of e. 



hierarchy 



K(m^ 



tan 2^23 (mixing angle at the M^ 



Stabihty 



Type A^^) 
(K3 > K2) 



K3COS 1/23 



tan 6*23 tan 6*23 



tan 6*23 1 



tan 26*23 (1 - e sec 26*23) + Oie^) 



stable 



Type Bl(2) 

(Kg ~ K2) 

(023 = 7r/4) 



5k 



5k 



( 1 ^\ 

2k3 



5k 
V 2^ 



1 / 



2e Ks 



unstable 

5k 

e> — 

K3 



Type B2(2) 
(K3 ~ — K2) 



/ -1 



K3COS 26*23 



tan 2^23 



V tan 26*23 



tan26l23 + 0(e^) 



stable 



Table 1: Stabilities of the two generation case. 

Tabled shows the stability of the MNS matrix in the two generation neutrinos. Mixing 
angles of Type A*^^) and Type B2*^^) are stable against the small change of e. This means 
they are stable against quantum corrections. The mixing angle of Type Bl*^^-' is unstable 
around 6'23 = vr/4 when e > Sk/n^. The mixing angle of this case is sensitive to the 
quantum corrections, and determined from the ratio of 6k/ H3 and e. Table Q shows that 
the neutrino mass hierarchy and the relative sign assignment of mass eigenvalues play the 
crucial roles for the stability of the MNS matrix. 
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5 Three Generation Neutrinos 

Now let us discuss the stability of the MNS matrix in the three generation neutrinos against 
quantum corrections according to the classification of mass hierarchies in eqs. ()1.4|) . 



5.1 Type A 

In Type A, the mass spectrum is given by 

mi = , 



m2 



^"^solar , ^3 = V ^"^solar + ^"^ATM • 



(5.1) 



Neutrino masses of this type have large hierarchies. In this type, there are following relative 
sign assignments for mass eigenvalues. 



case (al): ml^ = diag.{0,m2,m^) 
case (a2): m^^ = diag.{0, —m2, m^) 



(5.2a) 
(5.2b) 



The neutrino mass matrices at the weak scale for (al) and (a2) are shown in Table |21 where 
we write the leading order of each element, and the small parameter ^^ is defined as 



TTln 



mg 



\ 






(5.3) 



The relation between the neutrino mass matrices at m^ and M^ is given by 



MAMn) 



( l-e^ \ 




( l-ee \ 


1-e^. 


K(mJ 


1-e^ 


I ij 




I 1/ 



(5.4) 



The mixing angles of the MNS matrix at M^ can be obtained from eq. ()5.4j) . Table El 
shows tan/3 dependences of the mixing angles at M^ in the region of 2 < tan/5 < 60. 
Since t/gs — from the numerical analysis, the MNS matrix can be regarded as two sets of 
two generation mixings, which are between the first and the second generations and also 
between the second and the third generations. Since the large mass hierarchies exist in 
the first and the second generations and also in the second and the third generations as 
nil "^ "^2 ^^*i "^2 "^ "^35 sin^ 2^12 and sin^ 2^23 are also stable against quantum corrections 
on the analogy of Type A*^^) . The numerical analyses really show all mixing angles are not 
changed significantly by quantum corrections. This means that the MNS matrix is stable 
against quantum corrections in (al) and (a2). 
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neutrino mass matrix up to the leading order 


Stability 


case(al) 
diag.{0,m2,m^) 


2 


/ 2^^sin2 6' ^^sin26l/\/2 -^ sin 2(9/^/2 \ 

^a sin 261/^2 1 1 
l^ -ea sin 20/^/2 1 1 ^ 




stable 


case(a2) 
diag.{0, —m2,m^) 


7TT-3 
2 


/ -24sin2 -4 sin 20/^2 Csin20/V2\ 

-4sin20/\/2 1 1 
l^ eaSin20/^/2 1 1 ) 




stable 



Table 2: Neutrino mass matrices at the weak scale for (al) and (a2). 







MSW-S 


MSW-L 


vo 


(al) 


sin 2^12 


0.007 ~ 0.006 


1 ~ 0.996 


1 ~ 0.996 


sin 2^23 


1 ~ 0.98 


1 ~ 0.98 


1 ~ 0.98 


sin^ 2^13 


0.0 ~ 2.7 X lO"'^ 


0.0 ~ 8.8 X 10"^ 


0.0 ~ 3.7 X 10-1° 


(a2) 


sin2 2^12 


0.007 ~ 0.006 


1 ~ 0.996 


1 ~ 0.996 


sin2 2^23 


1 ~ 0.98 


1 ~ 0.98 


1 ~ 0.98 


sin^ 2^13 


0.0 ~ 2.2 X 10"^ 


0.0 ~ 6.8 X 10"^ 


0.0 ~ 3.7 X 10-1° 



Table 3: tan/3 dependences of the mixing angles at M^ in (al) and (a2) (2 < tan/3 < 60). 



5.2 Type B 

At first we consider the case that m^ is larger than 7712- Then the mass spectrum of this 
type is given by 



mi = ^AmiTM + ^"^soiar , ^2 = ^ Am^TM , m3 = . (5.5) 

There are following two cases according to the relative sign assignments for masses. 



case (bl): m^J^ = diag.{7ni,7n2,0) 
case (b2): mj = diag.{mi, —m2, 0) 



(5.6a) 
(5.6b) 



The neutrino mass matrices at m^ for (bl) and (b2) are listed in Table EJ where the 
small parameter ^^ is defined as 



rrir, — m 



rrii 



2 Am^rp^ 



(5.7) 
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neutrino mass matrix up to the leading order 


Stability- 


case(bl) 
diag. {nil, 1712, 0) 


nil 
2 


/ 2 4 sin 26*7^/2 -^ sin 2(9/^/2 \ 

4 sin 20/^2 1 -1 
^ -Cf,sin26'/^/2 -1 1 y 




unstable 
(sin2 2012) 


case(b2) 
diag.{mi, —m2,0) 


rrii cos 29 
2 


/ -2 ^/2 tan 20 -^2 tan 26* ^ 

\/2tan26' 1 -1 
^ -\/2tan26' -1 1 ^ 




stable 



Table 4: Neutrino mass matrices at m^ for (bl) and (b2). 

We analyze the stability of the MNS matrix for (bl) and (b2) against quantum correc- 
tions by using M^{M^ obtained from eq. ()5.4|) . The results of our numerical analyses are 
hsted in Table El Let us see the details in both (bl) and (b2). 







MSW-S 


MSW-L 


VO 


(bl) 


sin^ 2012 


see Figure El 


sin^ 2023 


1 ~ 0.98 


1 ~ 0.98 


1 ~ 0.98 


sin^ 2013 


0.0 


0.0 


0.0 


(b2) 


sin^ 2012 


0.007 


1 


1 


sin^ 2023 


1 ~ 0.98 


1 ~ 0.98 


1 ~ 0.98 


sin^ 2013 


0.0 


0.0 


0.0 



Table 5: tan/3 dependences of the mixing angles at M^ in (bl) and (b2) (2 < tan/3 < 60). 



case(bl): Eigenvalues of M^{M^ are given by 

;i+4), 



■m^ 



m^ 



m^ 



nil (1 ~ 3e) 



r/io 



nio 



nil V- 



3e) 
^li^ + Q 



rrin 



nin 



0, (I4l<3|e|) 
0, (I4l>3|e|) 



(5. 



up to order of e and ^b ioT any value of 6. 

Numerical analyses of Table El suggest sin^ 26'i3 and sin^ 2^23 are stable against quantum 
corrections. This is because there are large hierarchies of nii <^ rrig and ni2 -C ni^ on the 
analogy of Type A^'^\ How about sin^ 26'i2 ? Figure JHl shows that sin^ 2^i2 can be changed 
by quantum corrections according to the solar neutrino solutions. 

In the MSW-L solution, sin^ 2^i2 is damping around tan/3 ~ 20. On the other hand , 
sin^ 26*12 — even in the small tan /3 region in the VO solution. These situations can be 



15 






1 


-^ 






0.8 


1 

1 


\ 


- 


0.6 


1 


\\ 


- 




en 


\4 








\ ^^9, 






f= i' 






0.4 


all 


\^*- 


- 




E 


\ ^ 






05 1 


1 \ S' 






5 i 


1 \ 






05 1 


1 \ 




0.2 



s i 


\ ^-^.._^_ 




VacuL 


m Oscillation 

1 1 1 


1 1 



10 



20 



30 

tanj3 



40 



50 



60 



Figure 3: tan/3 dependences of sin^ 26i2 according to the solar neutrino solutions in (bl). 



easily understood as follows. From eq. ()5.4|l . tan2^i2 is estimated to be 



tan 26^12 ~ tan 26*12 1 



cos 26*12 1^6 



(5.9) 



where we use the approximation of eg — e/x(= e)- When ^12 is 7r/4, eq. ()5.9|l becomes 



r 10" 



tan 2^12 ~ — ~ <! 



2e 



e 
10-9 



(MSW-L) 
(VO), 



(5.10) 



from eq. ()5.7|) . Dotted-lines of (c) in Figures ^ and |21 show that e is much larger than 10~^ in 
the region of tan/5 > 20. Then, from eq. ()5.10|) . sin^ 26*12 is sufficiently small when tan/5 is 
larger than 20 in the MSW-L solution. On the other hand, eq. ()5.10|) suggests sin^ 2^12 — 
even in the small tan/? region in the VO solution. 

In the MSW-S solution, sin^ 2^12 has a peak around tan/5 ~ 10. When 6*12 ^ 1, eq. ()5.9|) 
becomes 



tan 2^19 ~2^i9 1-^ 



12 



14 



(5.11) 
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This means tan 2^12 diverges infinity (sin^ 26^12 ~ 1) at e ~ |^^|. Equation ()5.7|) suggests |^^| 
is about 10~^. Figures Q and El show e ^ 10^'^ around tan/3 ~ 10. Thus, sin^ 2^12 becomes 
one around tan/5 ~ 10 independently of the value of 9\2- This is the reason why the peak 
in the Figure El appears in the MSW-S solution. 

Finally, let us see how the stability of the MNS matrix is changed if we take the mass 
spectrum as 



mi = V Am^TM , ^2 = V^"^ATM + ^"^Llar , ^3 = V^"^solar , (5-12) 

in stead of eqs. ()5.5|l . In this case, eq. ()5.9j) becomes 



tan20i2~20i2 1 + ^7^^ , (5.13) 

V cos 2^12^6 1 / 

and eq. ()5.7|) is replaced by 

maj^mi ^ 1 Am^ 
^' m, 2 Ami™' ^ ^ 

The behaviors of the mixing angles against quantum corrections for the MSW-L and the 
VO solutions are the same as those of eqs. ()5.5j) . As for the MSW-S solution the mixing 
angle 612 becomes stable against renormalization effects, and the peak of sin^ 2^12 around 
tan/? ~ 10 disappears due to the positive sign of eq. ()5.13|) . 

case(b2): Eigenvalues of My{Mj^ are given by 



m^ = m^ ( ^1 + 4 - 3e + - (^b + e cos 26) 



m^ = -m^ i^l + 4 - 3e - - (^fe + e cos 26) 

m3 = 0, (5.15) 

up to order of e and C,b- Numerical analyses of TableElshow the MNS matrix is stable against 
quantum corrections. This can be easily understood as follows, sin^ 2^13 and sin^ 26'23 are 
stable against quantum corrections, because there are large hierarchies between the first 
and the third generations and also between the second and the third generations on the 
analogy of Type A*^^). sin^ 26*12 is also stable against the renormalization effects, since the 
signs of r/ii and TTig are different from each other on the analogy of Type B2*^^). Thus, we 
can conclude all sin^26'jjS are stable against renormalization effects in case (b2). 
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5.3 Type C 

The mass spectrum is given by 



nil — "^0 ' ""^2 



ml + Am^^i^, , mg = Jml + Am^^i^, + AmiTM , (5-16) 



where mg is the degenerate mass scale. We take rriQ = 1.0 eV or 0.2 eV in this article. There 
are following four different cases according to the relative sign assignments of neutrino mass 
eigenvalues. 

case (cl): m'^^ = diag.{—mi^'m2^m^) (5.17a) 

case (c2): nf^ = diag.{mi,—m2,m^) (5.17b) 

case (c3): m^^ = diag.{— 171^,-1712, m^,) (5.17c) 

case (c4): rrf^ = diag.{mi,m2,m^) (5.17d) 

We define the small parameters 



5c = — --7; f^, and ^c = — --7; f^, 5.18 



where ^^ is always smaller than 6^. The neutrino mass matrices for all types are listed in 
Table ini up to the leading order for each element. 

In the case of mo = 1.0 eV all solar neutrino solutions of (c3) and (c4), and the MSW-S 
solution of (cl) and (c2) are excluded by the neutrino-less double-/? decay experiments 
whose upper limit is given by (m^^) < 0.2 eV J2^, where 



{^uj 



Yl ^i (yum 

4 = 1 



,2 



mo 



fl + ^^ sin^ 6'] , (m^m2 > 0) 



(5.19) 
m,Q (cos 26 — ^^ sin^ 6) , (m]^m2 < 0) , 



from eqs. ()2.16|) and ()5.18|) . Thus we analyze the stability of the MNS matrix for (cl) and 
(c2) with ttlq = 1.0 eV, and for all cases with m^ = 0.2 eV. 

5.3.1 mo = 1.0 eV 

Figures m show the tan/? dependences of sin^ 29ij in (cl) and (c2) with m-o = 1.0 eV. They 
shows that all sin^ 26'jjS gradually approach to the fixed values as tan/? becomes large. We 
can estimate the value of tan/3 where the mixing angles become close to the fixed values. 
Dotted-lines of (b) in Figures ^ and El show the value of 

^^^ Am^TM ^1.9x10-3, (mo = 1.0eV). (5.20) 
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case (c1 ) 






, 
















0.8 


MSW-S 

»/acuum 


" 


., 0.6 
<^ 

^ 0.4 

0.2 





- 






: 



MSW-Large - 

MSW-Small - 

Vacuum - 



tanp 

case (c1 ) 



tanp 

case (c1 ) 



tan^ 



MSW-Large - 

MSW-Small - 

Vacuum - 



IMSW-Large - 

MSW-Small - 

Vacuum 




MSW-Large - 

MSW-Small - 

Vacuum - 



case (c2) 



WyW-Large 
MSW-Small - 
Vacuum 



10 20 30 40 50 60 



tanjS 
case fc2) 



tan/3 
case (c2) 



Figure 4: tan/^ dependences of sm'^26ij in (cl) and (c2) with ttiq = 1.0 eV. 
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neutrino mass matrix up to the leading order 


Stability 


case(cl) 
diag .{—nil, 1712, m^) 


2 


/ -2 cos 26* ^2 sin 261 -^/2 sin 261 \ 

V2 sin 261 1 + cos 26* l-cos26l 
^ -^2 sin 261 l-cos26' l + cos26l y 




rearrangement 

between 
V2 and Kj 


case(c2) 
diag.{mi, —m2,m^) 


2 


/ 2 cos 20 -^/2 sin 20 ^2 sin 20 \ 

-^/2 sin 20 1- cos 20 1 + cos 20 
^ V2sin20 1 + COS20 l-cos20y 




rearrangement 

between 

V^ and Kj 


case(c3) 
diag.{—mi, —1712,171^) 


mo 


/ -1 -^/2^cSin20 y2ecSin20 \ 

-V2CcSin20 5J2 1 
^ ^C,sin2^ 1 5J2 j 




rearrangement 

between 

V^ and ^2 


case(c4) 
diag.{7ni,7n2,m^) 


mg 


( 1 \/2^cSin26' -^/2^cSin26l \ 

^2^, sin 20 1 (5^/2 
^ -V2CcSin20 (5^/2 1 y 




unstable 

go to the 

unit matrix 



Table 6: Neutrino mass matrices at m.^ for (cl) ~ (c4). 



We can see that 5^ ^ e for 20 < tan/3 in Figures [T] and El As tan/? increases, the quantum 
effects become larger than the effects of mass squared differences of neutrinos. All sin^ 2^jjS 
approach to their fixed values around tan /5 ~ 20 as are shown in Figures |3] 

By taking the limit of 5^ -C e we can obtain the fixed values of sin^ 26ij according to the 
solar neutrino solutions in (cl) and (c2) as follows. 

case (cl): The eigenvectors ^1^2,3 at the m^ scale are given by 



/ 



Vi 



cos 6 
-1 



\ 



t 

V V2 



sin 9 



smi 



Vo 



I 



( sxtyQ \ 
-^= COS 9 

■ —p= cos 6 
V V2 



V. 



( \ 

1 

1 



(5.21) 



Vi is the eigenvector of the i-th eigenvalue of the neutrino mass matrix, which corresponds 
to each column of the MNS matrix in eq. ()2.1(i|l . At the M^ scale, eigenvalues of eq. ()5.4|l 
are given by 

77i^(M^) = -mo(l - e(l + cos^ d)) , 
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m2(M^)=mo(l-2e), 

m3(M^) =mo(l-esm2^), (5.22) 

up to the order e under the condition of 5^ <^ e. Eigenvectors of them are given by 



Vi 



( cos^ \ 



•mvQ 



V2 



smi 



, Vi 



\ V2 I 



( sin ^ \ 

VI + C0S2 I 

V2cos^ 

VI + C0S2 I 



^3 



/ 1 sin2^ N^ 

~2vrTH^pi 

1 sin^ 

V2 vrTcoF? 

1 



. -^Vl + cos2 6' 
V V2 



(5.23) 



By comparing eq. ()5.21|l with eq. ()5.23|l . the relation between V^ and V/ is given as 



lV{\ 



V' 



\n J 



\ 



1 



cos 6* 



VI + C0S2 9 VI + C0S2 



cos^ 



VI + C0S2 ^ VI + C0S2 / 



v^3y 



(5.24) 



When we take it/ 4 (0) for the parameter 6 in eq. ()5.24p . we can obtain the relation between 
Vi and 1// for the MSW-L and the VO solutions (the MSW-S solution). 

For the MSW-L and the VO solutions, the MNS matrix at the Mp, scale is given by 



f/] 



MNS 



/ 1/V2 1/V3 -1/V6 \ 

-1/2 2/V3 1/2V3 
V 1/2 V3/2 ) 



(5.25) 



in the limit of S^ <^ e. The relation between Vi and ^' is given by 



VI = V, , Vi 



l^^ + V^^3, 



^3 



-V^^^ + V^^- (5.26) 
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For the MSW-S solutioiiJ, the MNS matrix at the M^ is given by 



t/i 



MNS 



/ 1 \ 

1 
Vo l) 



(5.27) 



which means 



VI = V, 



1 



1 



^^'^71^^ + 71^- 



n 



1 



1 



-TS^'^^TI''- <"" 



case (c2): By the same calculations as those of (cl), eigenvalues of eg. (j5 .411 are obtained as 



mi(M«) = mo(l-2e), 

m^iMj^) = -mo(l - e(l + sin^ 9)) 



mQ(l — ecos 



up to the 0(e) in 5^ <^ e. Eigenvectors of them are given by 



(5.29) 



Vi 



cos 6 



Vl + sin^ e 

72 sine 
Vl + sin^ e 





/ sine \ 



cose 



V^ 



V2 
cos 6 



, ^3 



/ 1 sin2e N^ 

2VTT^e 
1 cos2 e 

V2VI + sin' e 



v72^^ + -^« 



(5.30) 



By comparing eq. ()5.21|) with eq. ()5.30|) . the relation between Vi and V/ is given by 



[v;\ 



V' 



\VU 



Vl + sin' e 



sine 



V Vl + sin' e 







— sin e \ 
Vl + sin' e 



1 



[V,\ 



Vl + sin' e / 



V 



{ysJ 



(5.31) 



II Although the MSW-S solution in (cl) and (c2) with uiq = 1.0 eV is already excluded by the neutrino- 
less double- /3 decay experiments of ea. H5.19|l . we discuss it here to check whether our analytic calculations 
are consistent with our numerical results or not. We will see they are consistent with each other soon. 
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For the MSW-L and the VO solutions, the MNS matrix at the M^ scale is given by 



/ 1/v^ 1/v^ 1/V6 \ 



f/i 



MNS 



2/3 1/2 l/2v^ 
-1/2 V3/2 



(5.32) 



in 6^<^ e. This means 



y,' 



V, 



2 ? 



v^/ 




^3' 



\ V, + f^V,. (5.33) 



This is consistent with the results in Ref. 

For the MSW-S solution", the MNS matrix at the M^ scale is obtained as 



U, 



MNS 



/ 1 \ 

1/v^ I/V2 

V -1V2 1/V2 / 



(5.34) 



which suggests 



vi = V, , vi = V, 



2 5 



vi = v. 



(5.35) 



For the MSW-L and the VO solutions in (cl) and (c2), eqs. ()5.25|) and ()5.32|) suggest 



the fixed values of the sin^ 2^jjS are 



sin^ 2^12 = 0.96 , sin^ 2^23 = 0.36 , sin^ 2^13 



9 



(5.36) 



in the limit of e ^ 5^. We cannot see the differences between the MSW-L and the VO 
solutions in Figures |3] It is because the value of tan/3 where all sin^ 2^jjS approach to their 
fixed values are determined by e and 5^ which does not relate to ^ml^^^-^ but to Am^rpj^. 
The rearrangements are occurred between V2 and V3 in (cl), and Vi and V3 in (c2), where 
the squared mass differences of their eigen values are mainly determined by Am^rpj^. On 
the other hand, for the MSW-S solution eqs. ()5.27p and ()5.34|) suggest all mixing angles 
approach to zero in the case of (cl), and sin^ 2^12 = sin^ 26'i3 = 0, sin^ 26'23 = 1 in the case 
of (c2). These results from analytic calculations are completely consistent with those from 
the numerical analyses as shown in Figure El 



5.3.2 mo = 0.2 eV 

Figures El 13 and JHl show the tan/3 dependences of sin^ 2^jjS with rriQ 
(c2), (c3) and (c4), respectively. 



0.2 eV in (cl). 
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Figure 5: tan/5 dependences of sin^ 29ij in (cl) with uiq = 0.2 eV. 

cases (cl) and (c2): Figures El and IHl show that all sin^ 2^jjS approach to the same fixed 
values as those with ttiq = 1.0 eV in the large tan/3 region. However, the value of tan/3 
where sin^ 29ijS becomes close to their fixed values with ttiq = 0.2 eV is larger than that 
with ttIq = 1.0 eV. The value of 6^ with uIq = 0.2 eV is given by 



2mg 



4.6 X 10 



-2 



{rrin 



0.2 eV) , 



(5.37) 



which is shown as dotted-lines of (a) in Figures Q and El In the region of 2 < tan/5 < 50, e 
is not larger than 6^, and the first (second) generation cannot be regarded to be degenerate 
with the third generation. Thus, the rearrangement between the eigenvectors of V^i(V2) and 
V3 is not realized completely although the sign of m^{m2) is the same as that of rrig. On 
the other hands, the rearrangement between these eigenvectors is realized with rriQ = 1.0 
eV in the region of tan/5 > 20, where e is already larger than 6^. 

case (c3): Figures [71 show that for all solar neutrino solutions sin^2^i2 and sin^ 2^13 are 
almost zero in the region of tan/? > 10, and sin^ 2^23 — 1 in all tan/3 region. Up to the 
0(e) eigenvalues of eq. ()5.4|l are given by 

mi(M«) = -mo(l-2e), 
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Figure 6: tan/5 dependences of sin^2^jj in (c2) with uiq = 0.2 eV. 
and eigenvectors of them are given by 



50 60 



(5.38) 



v; 



( 1 \ 




( ° ^ 




( ° ^ 





, n = 


1/V2 


, ^3 = 


1/v^ 


Vo J 




l-l/v^J 




[yV2j 



(5.39) 



These eigenvectors and eigenvalues do not depend on the mixing angle 9. Equations ()5.39 
suggest 



sin^ 2^12 = , sin^ 2^23 = 1 , sin^ 2^13 = , 



(5.40) 



from eqs. ()2.7p in the region of ^^ <^ e. By comparing eq. ()5.2H) with eq. ()5.39|) . we can 
obtain 



(vi\ 



/ cos^ 


sin^ 





\ 




(v,\ 


— sin^ 


cos^ 









^2 


V 





1 


/ 




1^3/ 



(5.41) 
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Figure 7: tan/5 dependences of sin^2% in (c3) with uiq = 0.2 eV. 

The rearrangement between Vi and V2 is reahzed, because the sign of m^ is the same as 
that of 7712- 

Figures m show sin^ 29i3 and sin^ 2623 are not changed against quantum corrections, and 
sin^ 26'i2 is close to zero in tan/5 > 10 for the MSW-L solution, while sin^ 2^12 ~ in all 
tan jS region for the VO solution. These situations can be explained by estimating the value 
of tan/5 where the mixing angles are close to the fixed values. For the MSW-L solution, 
the value of ^^ is given by 



2ml 



2.3 X 10" 



(5.42) 



which is shown as dotted-lines of (d) in Figures Q] and |21 Since ^^ is much smaller than e in 
the region of 10 < tan/5, the first and the second generations are regarded to be degenerate 
at rriQ, and the rearrangement between Vi and V2 is realized. On the other hand, the VO 
solution gives the value of ^^ as 



^^" 2ml -^■^''^^ 



{5A3) 
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Figure 8: tan/5 dependences of sin^ 29ij in (c4) with uiq = 0.2 eV. 

which is much smaller than e in all tan/3 region. Therefor the rearrangement between Vi 
and V2 is realized even in the small tan/3 region for the VO solution. 

case (c4): Figures |H1 show all sin^2^jjS approach to zero in the large tan/5 region. This 
means the MNS matrix becomes the unit matrix in the limit of e ^ 6^. In the case 
of (c4) we cannot obtain the rearrangement rule between V^ and V^, because k becomes 
proportional to the unit matrix which can be diagonalized by any unitary matrices. 

Let us see the MSW-L solution at first. Figures [T] and |21 show ^^ <^ 5^ ~ e in the region 
of 10 < tan/? < 50, where the value of C,c i^c) i^ shown in eq. ()5.42j) (eq. ()5.H7|) ). In this 
region eq. ()5.4|l becomes 



M^M. 



RJ -^0 



/ l-2e 


V 





(1 - 2e) 
(1 - e) 6J2 



\ 

1 J 



(5.44) 



This means sin^ 26*12 approaches to zero in 10 < tan/?. Equation ()5.44|1 also suggests the 
mixing between the second and the third generations as 



tan 2^0, ~ -^. 



2e 



(5.45) 
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In tan/5 > 50, e is larger than 5^, and sin^ 2^23 becomes small as we can see in Figures |S] 
For the VO solution, since the value of ^^ in eq. ()5.4Hj) is much smaller than values of e 

and (5^, M^i^M^ also becomes eq. ()5.44|l in all tan/3 region. Therefor, sin^ 2^12 and sin^ 26'i3 

are zero at any value of tan /?. The behavior of sin^ 26'23 iii the VO solution is the same as 

that in the MSW-L solution, since eq. ()5.44|) is independent of ^^. 

Since the mixing angle ^ ~ for the MSW-S solution, Mi^{M^) also becomes eq. ()5.44j) . 

Thus sin^ 2^12 and sin^2^i3 are zero in all tan/? region, and tan/? dependence of sin^2^23 

is the same as that in the MSW-L (VO) solution. 

6 Conclusion 

In this article, we study the stability of the Maki-Nakagawa-Sakata (MNS) lepton-flavor 
mixing matrix against quantum corrections in the minimal super symmetric Standard Model 
(MSSM) with effective dimension-five operators which give Majorana masses of neutrinos. 
We decide parameters of the MNS matrix at the weak scale from the data of experiments, 
and obtain the MNS matrix at the high-energy scale by calculating the quantum correc- 
tions. Then we analyze the stability of the MNS matrix at the high energy scale according 
to types of neutrino mass hierarchy. 

In the two generation neutrinos, the mixing angles of Type A*^^) (k^ ^ K2) and Type 
32^^'' (ks ~ —K2) are stable against quantum corrections, where KjS are eigenvalues of 2 x 2 
neutrino mass matrix at the weak scale. The mixing angle of Type Bl'-^-' (^3 ~ K2) is 
unstable around ^23 = 7r/4 when the magnitude of the quantum correction e is larger than 
that of 6k/ K^. 

In the three generation neutrinos, the stability of the MNS matrix strongly depends on 
the types of mass hierarchy and the relative sign assignments of mass eigenvalues. The 
results are obtained as follows. 

(1). Type A {m-^ ~ rrag <^ m^) 

The MNS matrix is stable against quantum corrections. 

(2). Type B {m^ ~ 1712 ^ m^) 

sin^ 26'i3 and sin^ 26'23 are stable against quantum corrections because there are large 
hierarchies between the first and the third generations and also between the second 
and the third generations on the analogy of Type A^'^\ 

case (bl): diag{m-^^,m2,0) 

sin^ 26*12 is unstable against quantum corrections. This is understood on the analogy 
of Type Bl*^^^ Thus, the MNS matrix is unstable against quantum corrections. 
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case (b2): diag{mi,—m2,0) 

sin^ 2^12 is also stable against quantum corrections analogous to the case of Type 
62*^^^ The MNS matrix is stable against quantum corrections. 

(3). Type C (m^ ^ m^ ^ m^) 

The MNS matrix approaches to the definite unitary matrix according to the relative 
sign assignments of neutrino mass eigenvalues, as the effects of quantum corrections 
become large enough to neglect squared mass differences of neutrinos. Independent 
parameters of the MNS matrix at the Mf, scale approach to the following fixed values 
in the large limit of quantum corrections. 

case (cl): diag.{—mi,m2,m^) 



sin^ ^^ 1 sin2^ ^^ 1 sin^^ , , 

VI + cos2 e 2Vl + cos2^ "^ V2Vl + cos2^ ^ ' 



case (c2): diag.{mi, —1712,171^) 



■ n -rr 1 SlU 2^ ^^ 1 COS^ ^ .. 

U,, = sme, U,, = -^===, U,, = ^y===. (6.2) 



case (c3): diag.{— 1711,-7712,171^ 



Ue2=0, Ue3 = 0, U^3 = ^ ■ (6.3) 



case (c4): diag.{m^,m2,m^ 

f/e2 = 0, f/e3 = 0, f/^3 = . (6.4) 



Results of this article are not only useful for the model building, but also show the 
possibility to obtain the large mixing angles from quantum corrections. 
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A Oscillation Probabilities in the Vacuum 

The transition probability P^^^y^, (a 7^ j3) and the survival probability Pu^^va of the 
neutrino-oscillation are given by 



P.. 



^vp 



Yl (^MNs)/3i ^^P 



-im^- ^ 



i=i 



2E 



K 



MNS 



]a 






-^5-?3^\ ^ 



2E 



a3 



(A.l) 



p 



a "^ct 



—ira^ 



E(^MNs)aiexp (^^^1 (^MNs)^.„ 



Uo^iK, + U^, exp -i^L\ U:, + f/,3 exp 



-^5n^l,\ 



2E 



o3 



(A.2) 



respectively. Here we note Smfj = m?, — mf. When 5m^2 *^ ^^3 ; ec|s. ()A.l|) and 
be simplified as follows. 
Condition 1: 



21) can 



Sml,^ « 1 ^ ^^ 



2E 



2E 



Under this condition, eq. ljA.lj) becomes 



(A.3) 



I' a— > 1^/3 



-UfisKs + Up-s^^P 



-^Smj,\ 



2E 



a3 



A\U. 



a3l 



u. 



(33 



%in=(^.). 



(A.4) 



and eq. ()A.2|) becomes 



P. 



'■^a — "^a 



1 - U^3Ua3 + Ua3 exp 



--^l)u,. 



i-4|[/,3r i-i[/,3r]sin^ 



~AE 



■-L . 



(A.5) 



Condition 2: 



5m 



12 



2E 



L ~ 1 < 



5m 



13 



2£; 



(A.6) 
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Under this condition, eqs. ()A.l|) and ()A.2|) become 



p — 9\TI I'^lTI P — 



^Re{U^,m,U,,U:,) sin 



2 / ^^Ur^ 



^A/TMs sm I — L 



'MNS ' 



2E 



p _1_9|rr |2fl_|rr |2\ 4|7-| |2|rr |2„j„2 ( ^'^12 t\ 



(A.7) 
(A.8) 



respectively. Here Jmns i^ defined by Im{U ^^UpiU m^ ^ 



131'^ f32'^a2J 



B Quantum Corrections of k, 

In this section, we show the relation between n{m^) and n{M^ in the cases of kss = and 
ft^ll = ^^22 = /t33 = 0. 

B.l «:33 = 

At first, we discuss the case of ^33 = in the diagonal base of y°. If some elements of k 
are zero at m^, they are always zero through all energy-scale. This means if ^33 is zero at 
m^, K cannot be normalized by k-^^ and q^ of eq. ()3.3|) cannot be defined. Thus, we adopt 
Hi22 for the normalization of «; as 



/ 



K = K 



22 



12 V 1 '^13'2V 1 



^12 V ^1 

C/vj' / /vj' 



\ ^13^2 



/ V^ W 1 ^2 ^3 \ 



^22 



1 



r; 



'12 



2/ 



V ^3 1 ; 



r'l \ 



1 



r' 



2/ 



:b.i) 



where c'^^ s (j = 2,3) are defined as 



"12) 



"12 



«:il/«22 



and 



/ / x2 _ ^22/^13 
"'llft'23 



(B.2) 



which are energy-scale independent complex parameters, r'^ 2 i^ ^q. ()B.1|) are defined as 



A 



Kii -, 

— , and 

«22 



r^ 



K23 

/«22 



(B.3) 
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By using the notation of eq. ()3.8p . we can obtain the energy-scale dependences of r[ ^ as 



r\{M^) = rU^jf , and r'^{Mj,) = r^K)W^ 

J- II V J- II 



(B.4) 



Then, k,{M^ is given by 



/.(M, 



^22 ("^ J h 



I Jh/l'r 













o\ 



IJIr 

1 



K[m^ 





V 







o\ 



hllr 

1 



:b.5) 



B.2 Kxx = /s:22 = «:33 = 

When all diagonal elements are zero, all off-diagonal elements of k can be taken real. It is 
because all phases are absorbed by the field redefinitions of 



L, -^ e~'^'Li , and Ei -^ e'^^^Ei , 

where ipiS are defined as 

V?! = {arg. {K12) + arg.^Ki^) - arg. {K23)) /4 , 
ip2 = {arg.{Ki2) - arg. {K13) + arg. {^23)) /4 , 
ip3 = {-arg.{Ki2) + arg.{Ki3) + arg. {K23)) /4 . 

Normalizing all elements by k,23, i^ is given by 



(B.6) 
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I, '^12 , ,/ /«13 

r, = , and To = 



where 

ft;23 '^23 

By using the notation of eq. ()3.8j) . we can obtain r'/2(MR) as 



:b.8) 



(B.9) 



r'i{M^ 
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r'l{m^)\^, and r^'(M^) = r^'K)./^. (B.IO) 
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Then, k{M^ is given by 



<M^) 




I \^r 







V 














1/ 



Kim-. 
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V^ 

ly 



(B.ll) 



Equations ()B.5|) and ()B.11|) show that the energy-scale dependence of the MNS matrix 
can be estimated by J le/ It and J I^/ Ij. even in the cases of kss = or ku = K22 = fi^ss 



0. 

In general, quantum corrections of the MNS matrix can be estimated by only n —1 degrees 
of freedom. It is easily understood as follows. The RGE of k (eq. ()H.l|l ) is separated into 
two parts, which are the lepton-flavor independent terms (the gauge and the Higgs particles 
corrections) and the lepton-flavor dependent terms (the charged-lepton corrections). The 
energy-scale dependences of the mixing angles of k are determined by the flavor- dependent 
corrections from y^. Since y'^ has n degrees of freedom, expect for the over all factor, 
n — 1 degrees of freedom decide the energy-scale dependence of the MNS matrix as are 
shown in eqs.dHS)), (p3|l and (pTT|l . 



C Approximation of the Renormalization Corrections 



We show the approximation of Jli/Ir- Although we do not use this approximation in our 
numerical analyses, it is useful for the rough estimation of quantum corrections of k. 
At flrst, let us estimate the values of 



hjlr - ^1/Ir_ ^ ^ _ 1 



-'e,/i/ -'r 



(C.l) 



The magnitudes of eq. ()C.l|) are estimated to be 



< 1 = < 10"^ , and < 1 ^ < 10"^ 



(C.2) 



in the region of 2 < tan/5 < 60 from the numerical analysis shown in Figure IHI Thus, the 
approximation of 



'Ie,u 1 



(C.3) 



is held with good accuracy. If we neglect the energy-scale dependence of yr, the value of 
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Figure 9: tan/3 dependences of eqs. ()C.l|) . 
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eq. ()C.3|) is given by 



In 



1 /niT 



iTT^ \ V 



tan/3^ + Ijln 






(C.4) 



from eq. ()3.8|) . where rUr is the mass of r-lepton and v^ = (0^) + (0u). We define the faction 
of 



Err (tan/?, M^) = 1 - a//^ x 






' r^V(tan/?^ + l 



(C.5) 



R/ 



to check the accuracy of eq. ()C.4|) . The tan/5 dependence of \Err\ is shown in Figure ITUl 
with M^ = 10^^ GeV. In the region of 2 < tan/5 < 50, the error of eq. ()(y.4jl is less than 1%. 
Even in the region of 50 < tan/? < 60, where the energy scale dependence of yr cannot be 
neglected, \Err\ is less than 10%. 

If Mpf is smaller than 10^^ GeV, the approximation of eq. ()C.4|) becomes more accurate 
because the Yukawa couplings of the charged-leptons are enhanced in the high energy scale. 
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